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1.0 Introduction

1.1 Purpose

In this work a structural theory is devised for the analysis of laminated anisotropic
damped plates. The plate consists of laminated face sheets sandwiching a single damping layer.
The displacement degrees of freedom used to construct the analytical model are a generaliza-
tion of those found in constrained layer thcory. Variational principles are used to form the
cquations of motion which are solved for the steady state excitation of simply supported semi-
infinite plates. The purpose for developing such an analytical model is 1o provide a tool for
examining the effects of stress coupling and compliant layering in improving the performance

of damped structures loaded in flexure.

1.2 Background

Highly damped structure is built by combining stiffncss and damping materials into a sin-
gle structural form. An example of such a composite construction is a planar lamination of
stiffness and damping layers. Under bending, the deformation of the stiffncss layers shear the
damping layers which, because of their viscosity, dissipatc part of the strain energy. Thus,
resonant vibrational responses arc controlled by the conversion of vibrational encrgics into
heat. Damped structures based on this principle include constrained layer treatments, sandwich
constructions and damped plates [1,2]. In vibrational environments these compesite components
have operational characteristics, durability, and service life that far exceed that of components

based solely on stiffness materials [3,4].

Any design approach that increases the rate or amount of straining in the damping materi-
als of a composite construction has the potential of improving the structural damping. Towards
this end, research has been devoted to examining the use of discontinuous stiffness layers in
order to introduce favorablc edge effects [S]. Also, designs have been investigated that increase

the thickness deformation of the damping layers [6,7]. Additional design approaches can be
1
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found in the use of anisotropy and lamination.

When anisotropic stiffness materials arc incorporated into damped composite construction,
a coupling between normal and shear effects (stress coupling) is created. Stress coupling pro-
duces components of strain in the damping layers that do not occur in isotropic dcsigns while
retaining and adding to those components that already do occur. Conceivably this increased
straining of the damping material would lead to higher energy dissipation and improved struc-

tural performance.

Lamination can be used to favorably change the stiffnesses of a structure. For instance,
consider a damped composite plate system with layered stiffncss face sheets and a damping
core. If the stiffness layers adjacent to the core are replaced by a material more compliant than
the outer stiffness layers then the construction would have virtually unchanged bending
stiffness but directly reduced in-plane facial extensional stiffness. Under transverse vibration,
the axially compliant face sheets can increase the amount of rclative in-plane motion between
the face sheets, thereby leading to an increase in the rate of core straining and encrgy dissipa-

tion.

The pioneering work in the use of stress coupling to assist the control of dynamic
responses examined the pcrformance of sandwich constructions [8]. The results of this study
were limited since the analytical model was bascd on displacement fields that were too elemen-
tary to fully characterize the deformational response of compositc constructions with compliant
damping layers. This shortcoming was rectified in a later work which examined stress coupling
and lamination in damped bending elements [9]). An additional effort in this area studied the

use of stress coupling to improve the damping of tension-compression members [10].

In the prescnt work a lamination theory is formulated that is applicable to a general class
of damped plate structures. The theory contains all of the elements necessary for examining the
cffects of anisotropy and lamination in constrained layer trcatments, damped sandwiches,
damped plates and other damping designs. The theory also includes all of the components of
translational and rotational mass incrtia plus Timoshenko shear theory.

2
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2.0 The Theory of Anisotropic Laminated Damped Plates

2.1 Analytical Model

The damped plate structure consists of top and bottom face sheets sandwiching a single
damping layer (see Figure 1). The face sheets are layered with a total of N7 layers in the top
face sheet and N2 layers in the bottom face sheet. The thicknesses of the individual layers are
designated by ¢ for the top layers, t2 for the bottom layers and t? for the damping layer.
(Here the subscript n identifies individual stiffness layers while the superscripts T (top), D
(damping), and B (bottom) refer to specific parts of the structure). The right handed global
coordinate system shown in Figure 1 and used in the development consists of the coordinates
xy and x,, which are located in the planar mid-surface of the damping layer (the reference sur-

face), and the transverse coordinate x,.
To analytically model the described structure the following assumptions arc madec:

1.  The in-plane deformations of the face sheets vary lincarly through the face shect thick-

ness;

2. The in-plane deformations of the damping layer vary lincarly through it’s thickness;

3. The in-plane displaccment ficlds are continuous across the interfaces (perfect bonding);
4. The transverse displacement is the same for all parts of the cross section.

5. The moduli of all of the materials of construction can be treated by the Complex

Modulus model;

6. The material model for the stiffness layers is transversely isotropic but neglects the thick-

ness normal stresses. The axis of isotropy is parallel to the mid-surface;

7.  The material model for the damping layer is isotropic but includes only shcar stresses.
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2.2 Theoretical Devclopment

The equations of motion for the damped plate structure are derived by using Hamilton's
Principle in conjunction with Reissner's Variational Theorem. Since Hamilton’s Principle is
only applicable o conservative systems, the material properties are initially treated as being
purely elastic without any damping. The energy integrals are then formulated and minimized
for this provisional, fully elastic system. Once the equations of motion and the force-
displacement relations are derived, damping can be introduced by invoking the Correspondence
Principle in which the elastic moduli are replaced by the complex viscoelastic moduli of the
Complex Modulus modcl. Application of the damped plate modcl is thercfore limited to
steady state hammonic vibrations.

Through Hamilton’s Principle the development proceeds by finding the motion that
minimizes the integral

T2

I=I(K—R)d‘c 2.2.1)
!

where K is the kinetic energy of the system and R is Rcissner’s Functional. The integration is
over the time variable T between the instants of time 1, and T,. The kinctic energy of the sys-

tem is calculated from

K= % {pu’, i, dv 2.22)

where p is thec mass density, V is the volume and the u; are the displacements. (Throughout
this development an over dot will indicatc differentiation with respect to timc). Rcissner’s

Functional for the structure is

R= l(c,,- £,-W(0,)dV ~ J T.u;dS (2.2.3)

VT
where ©;; and €,; arc the stress and strain tensors, W(0,) is the strain energy density

expressed in terms of the stresses, the 7, are the tractions, and Sy is that portion of the surface

over whach the tractions act.
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The integrands of equations (2.2.2) and (2.2.3) are developed from the assumptions of the
analytical model. Starting with assumptions 1 through 4, thc motion of the structure is
expressed in terms of nine unknown displacement degrees of freedom. Using these functions

the displacement fields are found to be:

Top Face Sheet
U =u ?(x,.xz. T+ —;—:D al ;x5 O+ (x5~ %tD)alT(xl,xz.‘t) (2.24)
1
Uy=ug (X1, X2 T+ ?tba?(xl.x2,1)+(x3-—%to)a{(xl,xz,‘r) (2.2.5)
Uy=UY (X1, X5 T) (2.2.6)

Damping Layer

u;=u10(x,,x2.‘[)+x3a,D(xl,xz,T) (227)
Up=ud (x5 T+ X3 02(x 1, x5, T) (2.2.8)
Uy=ud (X, x5,7) (2.2.9)

Bottom Face Shect

Up=up (X1, x5,7) - —;—tDa,D(x,,xz,I)+(x3+ %tD)a,B(x,,xz,t) (2.2.10)
uy=ud(xy X7~ %r” azb(x,,xz,‘r)+(x3+%ID)azB(x,.xz. 7) (2.2.11)
uy=ud(x),x2.1) (2.2.12)

where the 4,0 are the reference surface displacements, the o” are the rotations of the damping
layer about the reference surface, and the o and a? arc the rotations of the top and bottom
face sheets (sce Figure 2).

From the displacement fields, the strains in the reference surface and the plate curvatures

are computed as

W +u’) i,j=1.2 (2.2.13)
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X3

Section Parallel to the x, - Coordinate Line

Section Parallel to the x, - Coordinate Line

Figure 2. The Displacement Degrees Of Freedom.
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1 .
Kg:?(a,z- +aL-) i,j=1,2

1 .
K@:—Z(aﬂ+aﬂ) i,j=1,2

1 .
K§=?(aﬁj+aﬁ,—) l,j=1,2

These expressions are combined to yield the following useful quantities

Ti=e) +—-tD(KD kD i,j=1,2
z}}:eg-—: kP-kB i,j=1,2

The strain fields are now computed as

Top Face Sheet

=T +x3K] i,j=1,2
e,-3=—;—(a,-T+u§",-) i=1,2
833=0

Damping Layer

£,~j=63-+x31(,-? i,j=],2
£i3=%(a,p+u3°',~) i=1,2
£33=0

Bottom Face Sheet

T +x3K] ij=1,2
e,-3=—;—(a,-8+u3°_,-) i=1,2

£33=0

(2.2.149)

(2.2.15)

(2.2.16)

2.217)

(2.2.18)

(2.2.19)

(2.2.20)

(2.2.21)

2.2.22)

(2.2.23)

(2.2.24)

(2.2.25)

(2.2.26)

(2.2.27)
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Tuming to assumption 6, the transversely isotropic constitutive relations for the stiffness
layers are formed in the local layer coordinate system. Tensorial transformations are then used
to reexpress these relations in the global x,~x,-x; coordinate system. The matrix form of

these expressions for the n’th stiffness layer is

o) i Chz 0 Chuyl [y ]
o2 T2z Chm 0 Chn|l ey
onl=| 0 0 23 Chia 0 |{2g) (2.2.28)
O3 0 0 12 Claz 0 [|2&n3
o2 |[Cin2 Coanz 0 Cla| 2€12)

where the ¢;; are the layer stresses and the Cjj, are the elastic constants. From assumption 7,

the isotropic constitutive relation for the damping layer is

3| |G 0 0}|2¢€x3
ol =0 G 0l|2e (2.2.29)
op| L0 0 Glize,

where G is the shear modulus of the damping material.

To determine the layer stress resultants the constitutive relations are integrated over the

layer thicknesses. The resulting expressions are then inverted to yield the following expres-

sions

Top Layers

aT _

nT -nT aTpqnT AT onT nTyenT
H3 Flj —H2 MU + _HZ F‘J +H| M";

ij HT T X3 i,j=1,2 (2.2.30)
T
N=—7 i=12 2.2.31)
tll
Damping Layer
FD
°1D2=_1;2+ })23’”?2 X3 ij=12 (2.2.32)
t )
FB
ch=-2 i=1,2 (2.2.33)
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Bottom Layers

. HEFP-HEME N -HPEFE+ HEME

18 3 pr X3 0,j=1,2 (2.2.34)
F1B
o= t‘; i=1,2 (2.2.35)
n

where the F}7, FP, and F/? are the layer force stress resultants, the M7, MT;, and M[}® are

the layer moment stress resultants and the H"Tand H™ are geometric quantities computed from
y i i g q p

HYT =17 (2.2.36)
HY = %H Tl +h]) (2.237)
HY = %H’f’((hfﬂ ¥ +hahii +(hD)D) (2.2.38)
H" =H}H —HYTHYT (2.2.39)
HB =8 (2.2.40)
HY = ZHE () +hD) @241)
H3P = HP (0 4 BEREy + (1) (2.242)
H™ 2 =HPBHP® —HPHE (2.2.43)

in which the h,,T and h,,TH are the x3 coordinates of the bottom and top surfaces of the n 'th top
layer and the A2 and h%,, are the x5 coordinates of the top and bottom surfaces of the n'th

bottom layer.

The integrands of equations (2.2.2) and (2.2.3) are now computed using the expressions
developed for the field variables. The stress resultants are included by performing the thickness
integration of thesc integrals. The resulting expressions are then substituted into equation
(2.2.1). Taking the variation of I with respect to the generalized displacements and forces and

setting the cocfficients of like variations to zero yiclds the goveming system of differential

10 -
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equations. These equations include the equations of motion, the force-displacement relations,

and the boundary conditions (the initial conditions are irrelevant for the steady state problem).

Following this procedure the force-displacement equations are found to become

F"T' uu(”"rfu**”'z'TKu) i,j=1,2;k,1=1,2
M =CIT (HF ey +HYK]) i j=1,2:k,1=1,2

Fe=CH (HEeq+HPKE) i,j=1,2;k,0=1,2

MP=Crf HPe +HPKD) i,j=1,2;k,1=1,2

FI =tICHs (o] +ud)) i,j=1,2
FB =02Cls (0f+u3)) i,j=1,2
F3=2G Pep)

Mb=<G Yk},

F=G M@P+ul) i=1,2

Summing these expressions over the top and bottom face sheets leads to

Top Face Shect

F A,]uuu+ 2

Fh=El(0]+uf)) i,j=1,2

M B,]uu“+ 5

Bottom Face Sheet

T T
P ALyl +(- P AL+ Bl

1 1
t Buuau + (—510 Bgu +Dlaf,

B
F! A.,u“u-zt Aquau‘*( t? Al + B0l

F&=El@f+uj)) i,j=1,2

]DB

1
M Buld“kl"?’ Bajklakl+( ljld

11

uld)ak !

i,j=1,2k,0=1,2

i,j=1,2k,0=1,2

i,j=1,2;k,1=1,2

ij=1.2:k.0=1,2

(2.2.44)

(2.2.45)

(2.246)

(2.247)

(2.2.48)

(2.2.49)

(2.2.50)

(2.2.51)

(2.2.52)

(2.2.53)

(2.2.54)

(2.2.55)

(2.2.56)

(2.2.57)

(2.2.58)
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where the FT, F2 M T and M” are the face sheet force and moment stress resultants and

ij» Uij»
Alu= ZC.,uH"’ i,j=1,2;k,0=1,2 (2.2.59)
Bl _E CIhH i,j=1,2;k,1=1,2 (2.2.60)
‘,u-ng CLH i,j=1,2; k,0=1,2 (2.2.61)
Zt i3 i,j=1,2 (2.2.62)
Aly= E i,j=1,2;k,0=1,2 (2.2.63)
By = ZC.,u i,j=12;k,0=1,2 (2.2.64)
Djy= ZC.,u i,j=1,2,k,01=1,2 (2.2.65)
Et Chjs i,j=1,2 (2.2.66)

Using equations 2.2.53 to 2.2.58 in the variational relations leads to the following form

of the equations of motion
—F{jJ'FIl;jJ‘FIDZ,Z_Pl"'Mul +iPaP+1Tal+15af=0 j=1,2 (2.2.67)
~F};i=F5 i—Fha —Py+Mid +1%62 +17af +1§af=0 j=12 (2.2.68)
~Fh,~FB,~FB,-Ps+Mii?=0 i=12 (2.2.69)
—: D FT, j+F5 D+FD ~MB, +1%u) +126P+1Taf +1567=0 j=12 (2.2.70)

1 .
—Z"D(_ng\j"'ng.j)*'F%_MIDZ,I+IID“2(’)+12(X2 +1Tal+18af=0 j=12 .2.71)

1 -
2 DFUJ MI;.; 1“1 ’2011 +’ =0 Jj=1.2 2.2.72)

12
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%t F21J+F23 M2N+Ilu2 +120,2 +[§ =0 j=1‘2
1 , _
D) DFUJ+F Ml;.; 1“1 +12a1 ‘;’a,”=0 j=12
1 .. 0 .. D .. B .

—-z-z F3, i +F% -M%, j+13u; +15 67 +15 67 =0 j=12

where the P; are the applied tractions and the inertial constants are computed from

N T, +nT
IT= 3 dpl( 2 _ Loy
n=1 2
1P = %zD(MT -MB)
hE., +h8
1§ = 3 B 4 P
n=1 2
=107
2 2 1

N
l n
Z ") pitl—tPpTHST +pTHT)

M
}: 2 +1PpPHY +pBHE)
where p] and p2 arc the layer mass densitics.

13
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2.2.75)

(2.2.76)

2.2.77)

(2.2.78)

(2.2.79)

(2.2.80)

(2.2.81)

(2.2.82)

(2.2.83)

(2.2.84)

(2.2.85)
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The natural boundary conditions are found to be

(Fijnj +Fona+ Fja)8uf =0 j=1.2
(F,-T:;n,- +F1D3n1+F12)3n2+F‘-B3ni)8u:? i=12

GO+ B L FnsoP=0 =12
2 2

1 1 .
(EIDF;}H’- +M?2n1—EtDngnj)8aé)=0 j=12

(—%:DF,Tjnj +MTn)8al=0  j=12

1 .
-t Fyn+Myn)8aj=0  j=12

1

)

tDFfj’lj +M?jnj)8(x-f=0 j=l,2

1 .
(F1OFynj+M3n)8af=0  j=12

(2.2.87)
(2.2.88)

(2.2.89)

(2.2.90)

(2.291)

(2.292)

(2.2.93)

(2.294)

(2.2.95)

where 6 is the variational symbol and the n; arc the direction cosines of the normals on the

J

structural boundaries.

At this point the force-displacement relations are substituted into the equations of motion.

This yields a set of nine displacement-equilibrium equations the unknowns of which are the

nine functional displacement degrees of freedom. Solutions to specific problems are found by

applying the appropriate set of boundary conditions and solving these displacement-equilibrium

equations.

14
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3.0 Semi-Infinite Simply Supported Plates

3.1 Structural Description

The equations of the anisotropic laminated damped plate theory are extremely complex
and are not readily solved by closed form or series solution methods. For instance, individual
equations of the theory contain odd and even derivatives of the same spatial variable, which
precludes a Fourier series solution. Semi-infinite simply supported plates, however, are an
important class of problems for which a Fourier series solution can be found and in which

stress coupling and lamination can be studied.

Consider 2 plate of finite length a in the x, direction and of infinite extent in the x,
direction. On the x,=0 and x;=a edges the plate is taken to be simply supported. Further-
more the applied loads on the plate are limited to be uniform in the x, coordinate. For such a
system all of thc field variables are independent of the x, coordinate, so that all of the
differentiations with respect to this coordinate vanish. This simplifics the equations of motion

which in matrix notation reduce to
M][u)+[D][u]=[P] (3.1.1)

where [M ] is the mass matrix, [D ] is a differential operator matrix, (#] is a vector of unknown
displacement functions and [P] is a load vector. The elements of thesc matrices are given in

Appendix A.

The natural boundary conditions for this structure reduce to the following edge conditions

at x;=0and x,=a

Fl, = (3.1.2)
F% =0 (3.1.3)
FL+FR +F% =0 (3.14)
ui =0 (3.1.5)
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SIPFh +MB-LOFY, = (3.1.6)
Ml =0 (3.1.7)
M5, =0 (3.1.8)
PPl +MT, =0 (3.19)
%pp%+Mﬁ=o (3.1.10)

3.2 Solution

Equation (3.1.1) is solvable by the Fourier series method. To apply this method assume

the following series expansions for the displacement degrees of freedom

b mTx p
u= T UT cos(—) '™ (3.2.1)
m=1 a
ud = 3 UT cos(Ly i (3.22)
m=1 a
u = 3 UT sin(tly gitn (3.2.3)
m=1 a
haid mnx :
aP= T AT? cos(—) e’ (3.2.4)
e a
haid mrx .
af= 3 AZP cos(—L) €' (3.2.5)
m= a
an m .
<ﬂ=2AWamf;lnm‘ (3.2.6)
m=1
had mnx .
of = 3 AYT cos(——) '™ (3.2.7)
m=1 a
* mmax :
oaf= 3 AT cos( - Lyeitr (3.2.8)
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of= iA’z"B cos(ﬂzl)e"m (3.2.9)

m=1
where the superscripted constants are Fourier coefficients and Q is the frequency of the steady
state excitation. It is easily shown that these expressions satisfy the boundary conditions.

The harmonically varying excitations (with respect to time) are also expressed in terms of

Fourier series expansions

b mnx .

P (x;0)= EP’,"cos(Tl)e’m (3.2.10)
m=1
o pmoanee P ior

Pyx))= ¥ PTcos(——)e (3.2.11)
m=1
b miunx .

Pyx1)= X PYsin(— Lyeitr (3.2.12)

m=]
where the P™ are the Fourier coefficients determined from the Fourier formulacs.

Substituting the above expansions into equation (3.1.1) results in an infinite number of
uncoupled equations that can be grouped into scts by common indicial values. Thus a set of
nine equations and nine unknowns is obtained for each indicial value where the unknowns of
these equations are the Fourier coefficients of the displacement series. Expressing these equa-

tions in matrix form leads to the following general expression for each indicial value
~Q M [U™]+(B,) (U™ ]=[P"] (3.2.13)

where [U™] is a vector of Fourier displacement coefficients, [B,,] is @ modal stiffness matrix
whose elements are determined by the material and geometric properties of the structure, and
[P™] is a vector of the Fourier loading coefficicnts. The elements of these matrices are given

in Appendix A.

The viscoelasticity of the original structure may now be introduced by invoking the
Correspondence Principle. This is done by replacing the clastic material moduli with complex
viscoelastic moduli. The elastic ficld variables arc then reinterpreted as complex harmonic vari-

ables and, as assumcd in the Fourier scries cxpansion of the loadings, the excitation is limited

17




NADC-90066-60

to steady state harmonic.

3.3 Analytical Approach

The analysis can be completed in several ways depending upon the type of information
desired. For instance, the dynamic response of a damped plate to a specific excitation can be
found through the direct solution of equations (3.2.13). The analysis begins by decomposing
the spatial portion of the excitation into it’s Fourier components. If necessary a suitable level
of truncation is determined. Equations (3.2.13) are then formed and solved for each applicable
indice. The displacement degrees of freedom are then synthesized from the Fourier expansions.
Once the displacements are found, then any field variable of interest can be computed. If
response spectrums are desired, the steps of this method are repeated throughout the frequency
range of interest. Frequency dependent material propertics are accounted for by updating their

values at each step in the analysis.

If however, the modal loss factors are to be determined then the Damped Forced Vibra-
tion Mode Method [11] is applied. In general, high system damping is nonproportional so that
there is a coupling between undamped normal modes, but a unique value of modal damping
can still be found by considering a special case of forced vibration. In particular, consider har-
monic loads that are proportional to the local mass inertia forces and that are in phase with the

local velocity. Then

(P™1=~inQ*MIU"] (3.3.1)
For this loading Equation (3.2.13) becomes

[Bnl(U™]=Q2(1+0)[M][U™]=[0] (33.2)
which can be rearranged into the form of a complex eigenvalue problem

(B, ]1-Q2(1+in)[M]]{U™]=[0] (3.3.3)

From this last equation the natural frequencics, loss factors, and complex mode shapes are

extracted.
18
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4.0 Applications

4.1 Structural Description

The semi-infinite damped plate examined in this analytical study has a width of 25.4 cm.
The top and bottom face sheets of the plate consist of 6 stiffness layers with each layer having
a thickness of 0.1/25 mm. The damping layer has a thickness of .0965 mm. The stiffness
layers consist of IM6-3501 carbon-epoxy with a fiber volume fraction of 60%. The properties
of this material are shown in Table 1 where the frequency dependence of the properties are
neglected since the overall structural damping is dominated by the damping layer. The damping
layer consists of Type 112 Scotchdamp SJ2015x. The frequcncy dependence of the moduli of
this material are accounted for in the analysis. A plot of thesc properties is shown in Figure 3.

The mass density of the damping material is .98 gm/cc.

To study the effects of stress coupling and con:pliant layering on structural damping, the
fiber reinforced layers adjacent to the damping layer are given off-axis oricntations with respect
1o the x, coordinate direction. This arrangement of layers retains static stiffness by keeping the
fibers in the outer plys oriented along the plate width. However, with off-axis orientations for
the inner layers, the top and bottom face sheets can individually be unbalanced and unsym-
metrical leading to full coupling effects (extensional-shear, extensional-bending/twisting and
bending-twisting). Also, the off-axis oricntation makes the inner layers more compliant with
respect to the x, coordinate dircction. When the face sheets are bonded together by the damp-
ing layer the overall structural coupling is enhanced or diminished depending upon the layer
oricntations and the stiffness of the damping layer. For instance, with stiff damping layers the
Love-Kirchoff hypothesis is valid so that the structural coupling of the damped plate is identi-
cal to that predicted by lamination theory. However, for flexible damping materials the top and
bottom face sheets are not constrained 10 act in unison so that more complicated coupling

phcnomena can occur.
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Table 1. Material Properties Of IM6-3501 Carbon-Epoxy.

Axial Extensional Modulus 148.GPa (21.5 Ms1)

Transverse Extensional Modulus 8.96 GPa (1.30 Ms1)

Axial Poisson's Ratio 35

Axial Shear Modulus 4.48 GPa (0.65 Ms1)

Transverse Shear Modulus 2.07 GPa (0.30 Ms1)

Axial Loss Factor .00128

Transverse Loss Factor 0110

Shear Loss Factor .0110

Mass Density 1.52 gmy/cc (.000142 #sec®/INA)
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The notation used to specify the structural arrangement of the damped plates is identical
to that used for laminations of advanced composites except for the addition of the symbol 4
which will indicate the presence of a damping layer. For instance, the baseline structure for
this study, so called because it does not include stress coupling or compliant layering effects, is

designated Og/d / Q.

4.2 Numerical Results

The first analysis will examine structures with layups of 04/6,/d /6,0, and
04/6,/ d /1-6,/04 where the layer orientation angle 0 is varied between 0 and 90 degrees. The
Forced Mode Method is used to compute the loss factors of the first three bending modes of
these structures. Plots of the results arc shown in Figures 4 and 5. The plots show that for this
structure the stress coupling and compliant laycring have no effcct on the loss factor of the
fundamental mode but that these conditions lead to increases in damping in the two higher
modes. Also, it is seen that even though stress coupling vanishes at =90 degrees, the highest
loss factors are achieved at this orientation. Thus the use of compliant inner layering appears to
have more of an effect on damping than stress coupling. Therefore, the rest of the analyses
presented here will consider laminated designs without stress coupling. In addition the analyses
will also be limited to the study of beams since the second in-plane dimension is no longer
needed in the absence of stress coupled lay-ups. (Note that in other structural designs stress
coupling may prove to have a greater role in damping. Also note that most of the increase in
damping is reached by 6=60 degrees. This fact may have importance in the fabrication of

damped structure.)

Figure 6 shows the loss factors of four different damped beams for the first five bending
modes of vibration. Here it is seen that there is little or no gain in damping for the fundamen-
tal mode but that in the highcr modes the compliant inner layer laminates have significantly
greater loss factors. (The matching of natural frequencies of the plates indicates that the gain
in damping is not due to changing matcrial propertics).
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The ineffectiveness of the compliant layering in the fundamental mode is attributed to the
particular mix of design variables. Later in the text (Table 2), a design is shown that improves
the damping in the fundamental mode but only by resorting to commercially unavailable ply
thicknesses. In other design situations the variables (dimensions, material properties, etc.) may

be such that improvements in performance can be found across the spectrum.

The goal of a damping design is 10 reduce resonant stresses and displacements. This is
achieved by increasing the structural loss factor which in the laminated designs is accomplished
by sacrificing static stiffness (i.c. through the use of 90 degree layer orientations). It is neces-
sary then to verify that the structural response actually decreases in the highly damped but
more flexible laminated designs. To analytically test the response, the structures are subjected
to forcing functions that approximately excite the resonant responsc (the approximation is intro-
duced by not accounting for the negligible in-plane and moment components of the load vector
that are required by the Forced Mode method for a strict proportionality to the incriia loading).
Figure 7 shows the result of this computation where the amplitude of the transverse displace-
ments have been normalized with respect to the modal response of the bascline plate. Except
for the fundamental mode where virtually no improvement is achieved, the analysis predicts

reduced resonant responscs.

The optimal design for vibration resistance is determined through a balance of incrtial,
stiffness and damping propertics. For a given modal excitation, the bascline structurc has a
unique optimal configuration. But, since the damping material propertics arc frcquency depen-
dent, the optimal design at onc modc of response docs not necessarily imply an cfficient struc-
ture over the rest of the spectrum. In making comparisons between the response of the lam-
inated designs and of the bascline structure, there is the concern that the bascline structure is
not in an optimal modal configuration. To test this concern, analysis is performed to cstablish
the optimal bascline design for each mode of rcsponse. (Note that the ability to actually build
an optimal design is limited by the commercial availability of ply thicknesscs. The analysis is

performed here for the academic rcason of cstablishing the efficacy of the new design
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approach.) The overall thickness of the plate remains fixed at 2.17 mm. Given this constraint,
the thicknesses of the damping and stiffness layers are varied to determine the optimal
configuration. Once an optimal design is determined for the baseline structure, the compliant
layered designs are optimized by keeping the thickness of the damping layer constant while
varying the thicknesses of the 0 degree layers and 90 degree layers. The results of this analysis
are shown in Table 2 where it is seen that for each mode of response a laminated design is
found that is superior to the baseline design in increasing the loss factor and reducing the

resonant response.

The controlling parameter in increasing the damping in the compliant layered designs is
the extensional modulus of the compliant layers. This is seen in Figure 8 where the modulus of
the inner layers is varied parametrically as a percentage of the modulus of the outer layers. The
loss factor directly increases with decreasing modulus. This modulus also controls the phasc
lag between the damping layer rotation (o) and the other displacement degrees of freedom
(which respond approximatly in-phase). Figure 9 shows that this phase lag increases with
decreasing modulus. This means that as the beam passes through it’s static equilibrium posi-
tion, the face sheets are increasingly displaced longitudinally with respect to onc another as the

compliant layer modulus decreases.
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Table 2, Optimized Modal Designs

Mode | Type (1) | %1t | t'n t¥t | Loss Factor | Displacement (2)
1 B 6.5 0.0 | 935 311 1.00
C 65 | 185 | 75.0 341 .80
2 B 3.2 0.0 | 96.8 296 ) 1.00
C 3.2 | 23.1 | 73.7 332 76
3 B 23 0.0 | 977 294 1.00
C 23 | 27.7 | 70.0 337 72
4 B 14 0.0 | 98.6 263 1.00
C 14 | 23.1 | 755 .300 a7

(1) Structural design;
B = Optimized bascline design
C = Optimized compliant layer design

(2) The transverse displacement is normalized with respect to the modal response of the base-
line plate

29




NADC-90066-60

19Ae wedwos ayy JO snNPoW ay) sA buidweq lepoy ‘g a8inbi4

oley sseujng
1 4} cl i 80 90 ¥0 co 0
1 1. 1 1 1 | L 1 1 i { { | { o
- 500
v opow + |
L 9po O 10
-sto ¥
Qa.
)
-
[o]
~z0 @
1
-]
S
L .
e e 820 °
T
3 e . .
I e = S —t |- ¢0
b S Imfzi.imr/.:llﬁri!((m
e e - e N
ﬁ SO0

vo

30




NADC-90066-60

JoAe endwo) sy 4O SNINPOW 8y SA uoneloy 6100 ay] JO Be aseyd ey) 6 a.nby4

oljey ssauplg

l 80 80 1 A4 (A 0
1 | 1 1 | | I 1 I 0
v BpON +
L ®PON (1
- ol
J}/T-f/*/f/*«/p/fT
/Tl/i//‘r/l/
—_
— 0¢
— 0t
ﬁ
— Ob
—

0s

beq sseyy

31




NADC-90066-60

THIS PAGE INTENTIONALLY LEFT BLANK

32




NADC-90066-60

5.0 Conclusions

In order 10 cxamine the use of anisotropy and lamination in damped plates a structural
theory was developed and applied to a simple but representative structural system. The analyti-

cal study revealed that compliant layering can increase the efficiency of damping designs.

Compliant layering, which is the replacement of face sheet material with a less stiff
material at the interface of the face sheets and the damping layer, affects the dynamic response
of the plate through the alteration of stiffness properties. Compliant layering reduces the face
sheet axial stiffness without altering the overall structural bending stiffness. This creates a
mechanism for increasing the rate of shearing in the damping material by increasing the rela-
tive longitudinal displacements of the face sheects. The shearing rate and the associated energy
dissipation were found to increase as the modulus of the compliant layer was rcduced. How-
ever, there is a limitation to this process since the stiffness of the compliant layer must be high

enough to confine the shear deformation to the damping layer.

Compliant layering can also be used to reduce the weight of damped structures since
compliant materials are generally less massive than stiff materials. For instance, metallic face
sheets that incorporatc a glass-cpoxy compliant layer can have improved dynamic resistance at
a reduction in weight. This same effect can be achieved by mercly removing some of the

material on the inner side of the face sheets through grooving, waffling or scoring this surface.

Compliant layering introduces challenges to the fabrication process since it involves cither
the mating of dissimilar materials or the unbalancing of quasi-isotropic laminates. Also, there
will be additional steps in the laminate fabrication which will add to the cost of building these
components. Nevertheless, depending upon the total cost of construction, compliant layering

offers an important design option in the use of damped bending clements.
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Appendix A - Matrix Elements

The elements of the mass matrix [M] are

M 00200
0oMOOIIRoITO g2
00MOO0OOO g
2001120110118 o
M1=lo 1P 0 012 0150 1§
Moo ormMMoo o
or{ooz;ozgog
001300014 ,

13

018001000 ]

The elements of the operator matrix [D] are

Dpdyy 0 Dyd Dsd Ded 1y Dy .y
Dypd,yy 0 Dyd .y, Dasd D yd 1y Dyd.n

0 Dyd,, Djd,, 0 D Dyd
Dayd,y Dgd,y Degyd,y +Da Dsd o, D sd 1 D4d
Dsd,; 0 Dsd 1y Dssid,;1+Dss2 Dsed oy Dsrd 1y
Dgd,, Dgd, Dgd Dedy;  Degd1+Dey  DPendn+Den
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where the D;; are
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1
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1 p.2 T
DG71=D761=_(E’ YAl 112 +1°BT112 D]z Den=D1e=Eh,

1 2
Dm:-(‘Z"D)Aszlz +tPBT, -D,, Dop=E}

1525 DpB B B
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and where d,; and d,;; denote the first and second order differentiation with respect to the spa-

tial variable x;,.
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The displacement degree of freedom vector is

SR EF &
Y =9 Yo No ~o,

(ul=

R '&; '9-4

The load vector is

(Pl=

The Fourier displacement coefficient vector is
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The Fourier loading coefficient vector is

v v v
w3 N3 =3

[P™]=

OO o OO

The elements of the symmetric [B,, ]} matrix are
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